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ABSTRACT 
The mathematical model of oil slick spreading under the solid smooth ice cover under 
the gravitation and water current is considered. The set of differential equations are ana-
lyzed by four numerical methods for Axi-symmetrical and Uni-directional cases. The 
calculation results are compared to field and laboratory experimental data. 

 

INTRODUCTION 

Oil spills under the ice cover occur due to winter navigation and oil drilling in cold cli-
mates. Knowledge of oil spills behavior is important for contingency planning in many 
situations. Simulation of oil spreading under the ice cover is vital to predict the envi-
ronmental impact after accidents. 

Physical modeling of the oil spreading under ice in laboratories does not give a possibil-
ity to simulate various field conditions and thus to get a useful information for protec-
tion and recuperation measures. 

From this point of view mathematical modeling is more productive but models de-
scribed in available literature of oil interaction with ice give rather limited possibilities. 
For example some well-known equations (Yapa, 1990) are valid for only axi-
symmetrical conditions of oil spreading; so they cannot describe the influence to oil 
spreading under the shear force from water flow. Rajaratnam’s model (1985) includes 
shear stresses from under ice water flow but he considered only the static problem.  

Objective of the present paper is to propose the general model of oil slick movement 
(advection and spreading) under gravity and shear force from under ice water flow, con-
sidering oil spill as a compact body of viscous liquid.  
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MODEL DESCRIPTION 
Let the origin of Cartesian coordinates axes ( )321 ,, xxx  be situated at the oil slick top 
and 3x  be directed downward (Figure 1.).  
 

 
Fig. 1. Control volume 

 

The main assumptions are: 
• the motion of oil is laminar; 
• pressure distribution is hydrostatic; 
• vertical velocity is neglected; 
• horizontal components of oil velocity are approximated as: 

iiii cxbxau ++= 3
2
3 ,                                                  (1) 

where ),,( 21 txxai , ),,( 21 txxbi , ),,( 21 txxci  − unknown functions; 2,1=i . 
There are two different ways of the ice-oil interaction. 

1. Smooth ice bottom surface. In this case water film forms between oil and ice. 
Oil slick slips along this water film affected by the under ice water flow. Under 
this condition 0≠ic .  

2. Ice bottom surface is coarse. In this case the oil velocity at the ice bottom sur-
face equals to zero relative to the ice surface. Thus 0=ic . 

Let’s consider on first case closer. To evaluate the mean of the water film thickness the 
water film model is proposed as an addition to oil spreading model. For this model it is 
assumed: 

 ice bottom is horizontal and smooth; 
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 oil slick has a compact body and its top surface is horizontal and parallel 
to the ice bottom. The distance between them is ( )t∆=∆ ; 

 oil slick moves only in vertical direction under hydrostatic force; 
 movement in water film is laminar. Thus, inertial force may be ne-

glected. 
Considering water film movement only in horizontal direction 1x  the velocity within 
water film at any moment  t  may be presented as in Poiseuille’s law (figure): 
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where wη  − water dynamic viscosity; p  − pressure; ∆  − water film thickness. 
The water film average speed may be defined as: 
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Assuming a linear distribution of the speed from the oil slick center to the borders (axi-
symmetrical problem) is obtained: 
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where L  − oil slick length; ( )t
01v  − the border speed of the water film. 

Pressing force may be defined as following: 
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From the above the water film thickness is obtained as following: 
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Calculation shows that water film thickness equal to 1 mm becomes to 1.0  mm in 410  
seconds (about 3  hours). 
Taking into account that the only external mass force is gravity, which contributes zero 
to horizontal force balance, the mass conservation and linear momentum conservation 
laws may be presented as: 
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where  h   −  oil slick thickness;   iv  −  oil speed    
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Neglecting convective components set of equations is reduced to: 
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BOUNDARY CONDITIONS 

Frontal boundary conditions for equations (3) is got from equilibrium of the forces af-

fected to the boundary cell (Fig. 2.): 

0=±±±± ice
hb

cur
vb

curhst FFFF ,                                          (4) 
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where hstF  − hydrostatic force affected to the boundary cell   ( ( )
2

2hgF owhst ρρ −= );  

vb
curF  − shear force from under ice water flow affected to oil slick vertical border 

( KhF wb
i

vb
cur τ= , where K  − special coefficient); hb

curF  − shear force from under ice water 
flow affected to oil slick horizontal borders ( KcF iw

hb
cur η= ); iceF  − shear force from ice 

bottom surface ( KhbF ioice η= , where oη  − oil dynamic viscosity). 
 

 
Fig. 2. Boundary conditions in axi-symmerical case 

 

Factor K  is response for three-dimensional conditions of flow at the front of the oil 
slick, and its value should be defined by physical experiments. Substituting forces ex-
pressions into equation (4) it can be rewritten as: 

01
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o
iwior τ

ρ
ννρ ;                                   (5) 

 

NUMERICAL SOLUTION 

The coefficient K  was preliminary taken from Yapa’s experimental data for axi-
symmetrical spreading. Figure 3 shows comparison between Yapa’s experimental data, 
calculation by using Yapa’s expression and calculation results by using set of equations 
(3) with boundary conditions (5).  

To verify the K  coefficient meaning the calculation results were compared with Alkhi-
menko’s field experimental data (Alkhimenko et al., 1997) which were successful 
enough (Table).  
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 Oil volume in experi-
ment, l  

Oil slick head speed at the 
spreading initial stage, sm /  

Alkhimenko et al. experiment 
(Alkhimenko et al., 1997) 200  3105.5 −⋅  

Calculation by using set of equations 
(3) with boundary conditions (5) at 
oil slick head 

200  Decreases from 3105.6 −⋅  to 
3105 −⋅  during first 10  seconds 

 

 

 
Fig. 3. Compares to Yapa’s experimental data (Coefficient 35=K ) 

 

CONCLUSIONS  
The equations presented in this paper can be used to predict the spreading rate during an 
actual spill or evaluate the potential hazards of spill. Thus, the model presented is more 
universal than all the usable models in the present time. The model is not snapped to the 
oil type and water properties. As an addition the different ice bottom contour can be in-
cluded as initial condition. Two-dimensional model is developed and programmed. It 
allows calculating the oil spreading and moving in any direction under the ice cover. 
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